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Abstract In this paper, we investigate the existence of positive solutions for a classes
of m-point boundary value problems with p-Laplacian. By applying a monotone iter-
ative technique, some sufficient conditions for the existence of twin positive solutions
are established.
Keywords Multi-point boundary value problems · Monotone iterative technique ·
p-Laplacian operator · Iterative positive solutions
Mathematics Subject Classification (2000) 34B15 · 34B25
The first and second authors were supported financially by the National Natural Science Foundation
of China (11071141, 10771117) and the Natural Science Foundation of Shandong Province of China
(Y2007A23).
X. Zhang ()
School of Mathematical and Informational Sciences, Yantai University, Yantai 264005, Shandong,
People’s Republic of China
e-mail: mathzxg@sohu.com
L. Liu
School of Mathematical Sciences, Qufu Normal University, Qufu 273165, Shandong,
People’s Republic of China
e-mail: lls@mail.qfnu.edu.cn
L. Liu
Department of Mathematics and Statistics, Curtin University of Technology, Perth, WA 6845,
Australia
524 X. Zhang, L. Liu
1 Introduction
In this paper, we study the existence of positive solutions to the following multi-point
boundary value problem (BVP for short) with the one-dimensional p-Laplacian:{
(φp(x
′))′ + q(t)f (t, x) = 0, 0 < t < 1,
x(0) = ∑m−2i=1 αix(ξi), x(1) = ∑m−2i=1 βix(ξi), (1.1)
where φp(s) = |s|p−2s, p > 1, ξi ∈ (0,1) with 0 < ξ1 < ξ2 < · · · < ξm−2 < 1, and
satisfying:
(H1) αi, βi ∈ [0,1), and 0 ≤ ∑m−2i=1 αi < 1, 0 ≤ ∑m−2i=1 βi < 1.
(H2) q(t) ∈ L1([0,1]) is nonnegative on (0,1), and q(t) does not vanish identically
on any subinterval of (0, 1).
(H3) f : [0,1] × [0,+∞) → [0,+∞) is continuous and nondecreasing, and there
exists a constant μ > 0 such that, for any t ∈ [0,1], u ∈ [0,+∞),
f (t, λu) ≥ λμf (t, u), ∀0 ≤ λ ≤ 1. (1.2)




The equation with a p-Laplacian operator arises in the modeling of different phys-
ical and natural phenomena, non-Newtonian mechanics [1, 4], nonlinear elasticity
and glaciology [3], combustion theory [5], population biology [6, 7], nonlinear flow
laws [3, 7, 8], and system of Monge-Kantorovich partial differential equations [2].
There exist a very large number of papers devoted to the existence of solutions of
the p-Laplacian operator. The problem (1.1) with different boundary conditions has
been studied by many authors, and for details the reader is referred to [9–18] and the
references therein.
In the reference [10], the authors also investigated BVP (1.1) with the boundary
conditions u(0) = 0, u(1) = ∑m−2i=1 biu(ξi) (which is the special case when αi = 0 in
(1.1)). Unfortunately, the expressions of solutions for the BVPs in [10] are not cor-
rect, which was pointed out by the authors of [19]. In [19], the authors have given
the correct conclusions for BVP (1.1). Recently, by using the well-known Krasnosel-
skii fixed point theorem and defining fγ,R,R and f 0,r , Feng [13] present sufficient
conditions for the existence of multiple positive solutions for the boundary value
problem (1.1). Motivated by the works in [11–13] mentioned above, the purpose of
this paper is to show the existence of multiple positive solutions to the BVP (1.1).
Different from [11–13], we study the existence of positive solutions to the BVP (1.1)
for the one-dimensional p-Laplacian by applying a monotone iterative technique. In
suitable growth conditions, we find that there should exist twin iterative positive so-
lutions which are the maximal and minimal solutions of the BVP (1.1). At the same
time, we also establish iterative schemes for approximating this twin solutions, which
start with a known simple linear function. Moreover, the figure of iterative sequences
of solutions is explicit, which is helpful to compute for us. Some examples are also
worked out to illustrate our main results.
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2 Preliminaries and lemmas
Lemma 2.1 If f (t, u) satisfies (H3), then for any λ ≥ 1, (t, u) ∈ (0,1) × [0,+∞),
we have
f (t, λu) ≤ λμf (t, u).
Proof In fact, for any λ ≥ 1, (t, u) ∈ (0,1) × [0,+∞), by (1.2) we obtain














f (t, λu) ≤ λμf (t, u). 
Let E = C[0,1] be our Banach space with the maximum norm ‖x‖ =
supt∈[0,1] |x(t)|, and
C+[0,1] = {x ∈ C[0,1] : x(t) ≥ 0, t ∈ [0,1]}.
Let
K = {x ∈ C+[0,1] : x(t) is a concave function on [0,1]},














q(τ )f (τ, x(τ ))dτ)ds














q(τ )f (τ, x(τ ))dτ)ds, σx,≤ t ≤ 1,
(2.1)
where σx is a constant, which satisfies
1 − ∑m−2i=1 βi















































Thus, it follows from [10] that ‖T x‖ = (T x)(σx) and the BVP (1.1) is equivalent
to the fixed point problem of the operator T .
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Lemma 2.2 T : K → K is a completely continuous and nondecreasing operator.
Proof At first, since for any x ∈ K ,
(φp(T x)
′)′(t) = −q(t)f (t, x) ≤ 0, t ∈ (0,1),
which implies that φp((T x)′(t)) is nonincreasing, then (T x)′(t) is nonincreasing,
i.e., (T x)′′(t) ≤ 0, which implies that (T x)(t) is concave on [0,1]. Thus we have
T (K) ⊂ K .
By Lemma 2.4 in [10], we know T : K → K is completely continuous. Further,
noticing the monotonicity of f on x and the definition of T , we also have that the








1 − ∑m−2i=1 αi .
Theorem 3.1 Suppose conditions (H1)–(H4) hold. If there exists a positive constant




where μ,ρ are defined by (1.2) and (1.3), respectively, then the BVP (1.1) has the
maximal and minimal solutions x∗ and y∗, which are positive and concave such that
0 < ‖x∗‖ ≤ c, 0 < ‖y∗‖ ≤ c.
Moreover for initial values x0 = c, y0 = 0, define the iterative sequences {xn} and
{yn} by




nx0 = x∗ in E, lim
n→+∞yn = limn→+∞T
ny0 = y∗ in E
where T is defined by (2.1).
Proof Let Kc = {x ∈ K : 0 ≤ ‖x‖ ≤ c}, we firstly prove T Kc ⊂ Kc .
In fact, for any x ∈ Kc, we have
0 ≤ x(t) ≤ max
t∈[0,1]
x(t) = ‖x‖ ≤ c.
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By the assumption (H3) and Lemma 2.1, we have
0 ≤ f (t, x(t)) ≤ f (t, c) ≤ cμf (t,1) ≤ cμ sup
t∈[0,1]
f (t,1) = ρcμ. (3.3)
It follows from Lemma 2.2 that T x ∈ K , and by (3.3), (3.1), for any x ∈ Kc, we have















































0 q(τ)f (τ, x(τ ))dτ)









1 − ∑m−2i=1 αi
= Cφ−1p (ρcμ) ≤ c,
which implies that T Kc ⊂ Kc. Let y0(t) = 0, t ∈ [0,1], then y0(t) ∈ Kc . Let y1(t) =
(T y0)(t), we have y1 ∈ Kc. Denote
yn+1 = Tyn = T n+1y0, n = 1,2, . . . .
It follows from T Kc ⊂ Kc that yn ∈ Kc . Since T is compact, we obtain that {yn} is
a sequentially compact set.
Since y1 = Ty0 = T 0 ∈ Kc, we have
y1(t) = (T y0)(t) = (T 0)(t) ≥ 0 = y0(t), t ∈ [0,1].
By induction, we get
yn+1 ≥ yn, n = 0,1,2, . . . .
Consequently, there exists y∗ ∈ Kc such that yn → y∗ in E. Letting n → +∞, from
the continuity of T and Tyn = yn−1, we obtain Ty∗ = y∗ which implies that y∗ is a
nonnegative solution of the boundary value problem (1.1). From the condition (H4),
we know that the zero function is not the solution of the boundary value problem
(1.1), thus max0≤t≤1 |y∗(t)| > 0, and by the concavity of y∗ we have
y∗(t) ≥ ‖y∗‖min{t,1 − t} > 0, t ∈ (0,1).
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On the other hand, let x0(t) = c, t ∈ [0,1], then x0(t) ∈ Kc . Let x1 = T x0, then
from the above expressions, we have x1 ∈ Kc. Thus let us denote
xn+1 = T xn = T n+1x0, n = 1,2, . . . .
It follows from T Kc ⊂ Kc that xn ∈ Kc,n = 0,1,2, . . . . Since T is compact by
Lemma 2.2, we can assert that {xn} is a sequentially compact set.
Now, since x1 ∈ Kc, we have
0 ≤ x1(t) ≤ ‖x1‖ ≤ b = x0(t).
It follows from Lemma 2.1 that T : K → K is nondecreasing, and so
x2 = T x1 ≤ T x0 = x1.
By induction, we have
xn+1 ≤ xn, n = 0,1,2, . . . .
Consequently, there exists x∗ ∈ Kc such that xn → x∗ in E. Letting n → +∞, from
the continuity of T and T xn = xn−1, we obtain T x∗ = x∗ which implies that x∗ is a
nonnegative concave solution of boundary value problem (1.1).
Next, noting x0(t) = c ≥ y0(t) = 0, t ∈ [0,1],it follows from the monotonicity of
T that T x0 ≥ Ty0, and by induction, we have xn ≥ yn,n = 0,1,2, . . . , which implies
that x∗ ≥ y∗. Thus we have
x∗(t) ≥ y∗(t) ≥ ‖y‖min{t,1 − t} > 0, t ∈ (0,1).
This means that x∗ is a positive concave solution of the boundary value problem
(1.1). Thus, the BVP (1.1) has two positive and concave solutions x∗, y∗ such that
0 < ‖x∗‖ ≤ c,0 < ‖y∗‖ ≤ c, and from the above proof, we know that the iterative
sequences hold. The proof is completed. 
Remark 3.1 We notice that x∗ and y∗ in Theorem 3.1 are the maximal and minimal
solutions of the BVP (1.1) in Kc. These two solutions may coincide, and in this case
the BVP (1.1) has unique solution in Kc.
Corollary 3.1 Suppose conditions (H1)–(H4) hold. If
μ + 1 < p,
then there exists a constant c > 1 such that the BVP (1.1) has the maximal and mini-
mal solutions x∗ and y∗ , which are positive and concave such that
0 < ‖x∗‖ ≤ c, 0 < ‖y∗‖ ≤ c.
Moreover for initial values x0 = c, y0 = 0, the iterative sequences {xn}, {yn} defined
by (3.2) converge uniformly to x∗(t) and y∗(t) on t ∈ [0,1], respectively.
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By Theorem 3.1, the conclusion of Corollary 3.1 holds. 
Remark 3.2 The result of Corollary 3.1 is very interesting, as we can obtain twin
positive and concave solutions for the BVP (1.1) only by comparing p with μ + 1.
Moreover p and μ are irrelative, which is easy to be satisfied.
4 Main examples






5 + 4) = 0, 0 < t < 1,
x(0) = 13x( 13 ) + 13x( 23 ), x(1) = 15x( 13 ) + 38x( 23 ).
(4.1)
Obviously, p = 3. Let
f (t, x) = etx 45 + 4, q(t) = 1√
t
, μ = 1
2
,
then for any 0 ≤ λ ≤ 1 and x ∈ [0,+∞), t ∈ [0,1], we have
f (t, λx) = λ 45 etx 45 + 4 ≥ λ 45 etx 45 + 4λ 45 = λ 45 f (t, x) ≥ λ 12 f (t, x),
which implies that (H3) holds.
On the other hand, it is clear that (H1), (H2) and (H4) are satisfied, and
ρ = max
t∈[0,1]
f (t,1) = e + 4.
Next we compute C. Since q(t) = 1√
t
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So
φp(C) = 2φp(3) = 18.
Take




= ([20(e + 4)]
2
3 )2
(e + 4)([20(e + 4)] 23 ) 12
= 20 > 18 = φp(C).
It follows from Theorem 3.1 that the BVP (4.1) has at least two positive and concave
solutions x∗ and y∗ such that
0 < ‖x∗‖ ≤ [20(e + 4)] 23 , 0 < ‖y∗‖ ≤ [20(e + 4)] 23 .
Moreover for initial values x0 = ‖x∗‖ ≤ [20(e + 4)] 23 , y0 = 0. the corresponding
iterative sequences hold.
Example 4.2 Consider the following boundary value problem:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩






}(t2u3 + 2tu 12 + 1) = 0, t ∈ (0,1),
u(0) = 14u( 14 ) + 16u( 12 ) + 17u( 34 ),








(t − 12 )
, f (t, x) = t2x3 + 2tx 12 + 1.
Then (H1), (H2) and (H4) hold.
On the other hand, choose μ = 3, then for any 0 ≤ λ ≤ 1,
f (t, λx) = λ3t2x3 + λ 12 2tx 12 + 1 ≥ λ3(t2x3 + 2tx 12 + 1) = λ3f (t, x).
Thus (H3) holds. Since
μ + 1 = 4 < 5 = p,
by Corollary 3.1, the BVP (4.2) has at least two positive and concave solutions.
Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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